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• Solve the problem on your own.  Do not 
work or share your answer with anyone 
else.

• You will have 30 seconds to complete it.

• Write your answer down on a paper.

• Pay attention to the emotions you feel while 
solving the problem and write those 
emotions down as well.



There are 125 

sheep and 5 dogs 

in a flock.  How old 

is the shepherd?





• 75% of them gave me numerical responses

• 2 students calculated the answer to be 130 (125 + 5)

• 2 students calculated the answer to be 120 (125 – 5)

• 12 students calculated the answer to be 25 (125 ÷ 5)

• 0 students calculated the answer to be 625 (125 x 5)

• 4 students stated that they guessed their answer (90, 

5, 42, and 50)

• 4 students tried to divide 125 by 5 but could not 

correctly implement the procedure



• Making sense of mathematics

• Intellectual autonomy

• Intellectual autonomy is about being able to 

think for yourself and not being dependent 

on others for the direction and control of 

one's thinking.



What Does the NHTSA Say?

According to a NHTSA study, 3 out of 4 

kids are not as secure in the car as they 

should be because their car seats are 

not being used correctly.



• “because they have their child in the right seat”

• “because their car seats are not being used correctly”



• These advertisements need some adjustments to 
more accurately depict the information.

• In groups:

• Explain why you believe the advertisement does not 
show one fourth.

• Include a revised sketch of the same item that better 
illustrates one fourth.

• Explain how this new sketch better illustrates one 
fourth.

• Include anything else you would change about the 
advertisement.



WHAT IS THE 

PURPOSE OF 

A K-12 

EDUCATION?

• College readiness

– ACT National Curriculum 
Survey

– Surveyed 9,937 educators
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WHAT IS THE 

PURPOSE OF 

A K-12 

EDUCATION?

• College readiness

• Career readiness

– Association of American 
Colleges and Universities 
survey

– Surveyed over 300 
employers with at least 25 
employees  and many new 
hires



Critical thinking and 
analytical reasoning skills

Analyzing and solving 
complex problems

Communicating 
effectively orally
and in writing

Applying knowledge and 
skills to real-world setting

Working w/ numbers and 
understanding statistics 55%

78%
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81%

82%
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8%
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35%

16%

12%

13%

11%

More Less Same

Source: http://www.aacu.org/leap/documents/2013_EmployerSurvey.pdf



New Student Expectations
ELA, Social Studies, 

and Tech Subjects

1. Demonstrate 
independence.

2. Build strong content 
knowledge.

3. Respond to the varying 
demands of audience, 
task, purpose, and 
discipline.

4. Comprehend as well as 
critique.

5. Value evidence.

6. Use technology and 
digital media 
strategically and 
capably.

7. Understand other 
perspectives and 
cultures.

Science

1. Ask questions (for science) 

and defining problems (for 

engineering).

2. Develop and use models.

3. Plan and carry out 

investigations.

4. Analyze and interpret 

data.

5. Use mathematics and 

computational thinking.

6. Construct explanations (for 

science) and design 

solutions (for engineering).

7. Engage in argument from 

evidence.

8. Obtain, evaluate, and 

communicate information.

Mathematics

1. Make sense of problems 

and persevere in solving 

them.

2. Reason abstractly and 

quantitatively.

3. Construct viable 

arguments and critique 

the reasoning of others.

4. Model with mathematics.

5. Use appropriate tools 

strategically.

6. Attend to precision.

7. Look for and make use of 

structure.

8. Look for and express 

regularity in repeated 

reasoning.

Sources: CCSS ELA student portraits, NGSS practices, CCSS mathematics practice 



M1. Make sense of problems
& persevere in solving them.

M2. Reason abstractly & 
quantitatively.

Adapted from work of Tina 
Cheuk, Stanford University

M7. Look for & make use of 
structure.

M8. Look for & express
regularity in repeated
reasoning.

MATH
S2. Develop and use models.
S5. Use mathematics &
computational thinking.
M4. Model with mathematics.
M6. Attend to precision.

SCIENCE

ELA

S1. Ask questions & define
Problems.
S3. Plan & carry out
Investigations.
S4. Analyze & interpret data.
S6. Construct explanations &
design solutions.

S8. Obtain,
evaluate &
communicate
Information.

E2. Build a strong base of knowledge 
through content rich texts.
E5. Read, write, and speak grounded in 
evidence.
M3 and E4. Construct viable
arguments & critique reasoning of others.
S7. Engage in argument from evidence.E6. Use technology

& digital media
strategically & capably
M5. Use appropriate
tools strategically

E1. Demonstrate independence in reading complex texts, and writing 
and speaking about them.
E7. Come to understand other perspectives & cultures through 
reading, listening, and collaborations.

E3. Obtain, synthesize,
and report findings
clearly and effectively
in response to task
and purpose.

Sources: CCSS ELA student 
portraits, NGSS practices, 
CCSS mathematics practice 



• when students can
work with numbers but 
cannot:

–critically think

–analyze and solve 
complex problems

–applying knowledge 
and skills to real-
world settings

WHAT 

DOES IT 

LOOK 

LIKE…



How far apart are the exits on this 

freeway: Jct 90 and Jefferson Blvd?





1
1

2
-1

1
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a. 7 ½

b. ¼

c. -2

d. “dang this is hard”



. Explain how you know.

“You have to make them equal.  Then 
you have to find the least common 
denominator.  Then you have to 
multiply 2 times 2 to get 4 and 2 times 
1 to get 2.  Then you subtract 2 minus 1 
to get 1.”



. Explain how you know.

“I already have 1 so I can take that away.  
Now I have to take away one fourth 
from one half.  I know that there are 
two fourths in a half so if I take one 
fourth away I will be left with one 
fourth.”





Make the smallest difference using the numbers 
1 through 9 no more than one time each.





•What?



Science
• DOK 1 - What is a solid? / 

What is a liquid?

• DOK 2 - Describe the difference 

between a solid and liquid.

• DOK 3 - Is toothpaste a solid or 

a liquid? Explain and justify 

your answer.

• DOK 4 - Design and implement 

an experiment to further 

investigate the properties of 

solids and liquids, then share 

your results with classmates.

Social Studies
• DOK 1 - Name the U.S. 

presidents in order.

• DOK 2 - Using the left and right 
political continuum, categorize 
the presidents of the 20th and 
21st centuries according to their 
political standing.

• DOK 3 - Hypothesize how 
Dwight D. Eisenhower would 
react to today’s world political 
situation.

• DOK 4 - Analyze the strategies 
and effectiveness of George H. 
W. Bush’s war strategies in the 
Persian Gulf with the war.

Source: Southern Nevada Regional Professional Development Program



•What?

•How?

•Why?



10 units 10 units

What is the circle’s 

area? π ≈ 3.14

What is the circle’s 
circumference? π ≈ 3.14

𝐴 = 𝜋𝑟2𝐶 = 𝜋𝑑 or 𝐶 = 2𝜋𝑟

𝐶 = 𝜋 ∙ 20
𝐶 ≈ 3.14 ∙ 20

𝐶 ≈ 62.8 units

𝐴 = 𝜋 ∙ 102

𝐴 ≈ 3.14 ∙ 100
𝐴 ≈ 314 units2



Source: 6th Grade CST Released Test Questions - http://www.cde.ca.gov/ta/tg/sr/documents/cstrtqmath6.pdf





• 396 seventh grade students were assessed

• 68.26% correctly answered the 

circumference question

• 78.59% correctly answered the area 

question







Which circle is bigger?  How do you know?

Circle A Circle B

Area = 36 units2 Circumference = 36 units

𝐶 = 𝜋 ∙ 2 ∙ 𝑟

36 ≈ 6.28 ∙ 𝑟

36

6.28
≈ 𝑟

5.73 𝑢𝑛𝑖𝑡𝑠 ≈ 𝑟

𝐴 = 𝜋 ∙ 𝑟2

𝐴 ≈ 3.14 ∙ 5.732

𝐴 ≈ 3.14 ∙ 32.83

𝐴 ≈ 103.15 𝑢𝑛𝑖𝑡𝑠2



• For full credit (2 points):

• Student reaches the correct conclusion.

AND

• Student provides sufficient reasoning to support this 

conclusion.

• For partial credit (1 point):

• Student reaches the correct conclusion but does not 

provide sufficient reasoning to support this conclusion.

OR 

• Student does not reach the correct conclusion but provides 

reasoning to support this conclusion that contains a minor 

conceptual or computation error.





• Of the ten students interviewed:

•Ten correctly answered both of the DOK 1 

questions.

•One earned two points on the DOK 2 

question.

•Six earned one point on the DOK 2 

question.

•Three earned zero points on the DOK 2 

question.



• Of the 396 seventh grade students who were 
assessed, 12.12% correctly answered the 
DOK 2 question.

• 97.92% of the students who correctly 
answered the DOK 2 question also correctly 
answered both of the two DOK 1 questions.

• 10.61% of the students who correctly 
answered both of the two DOK 1 questions 
also correctly answered the DOK 2 question.



• 28.28% of the students earned only one 

point.

• All of them earned one point by choosing 

Circle B and providing insufficient reasoning.

• 59.59% of the students earned no points.



What Can We Learn From This?

 Simply emphasizing rote 
knowledge and skills is not 
enough.

 Instruction needs to be balanced 
with opportunities for reasoning 
and sense making.

Challenging students to 
articulate their understandings is 
the key to discovering the 
misconceptions.





















∙ Focus
∙ Coherence
∙ Rigor



Conceptual
Understanding

Application

Procedural Skill 
and Fluency

Layers                 Cost

1                          $1.75

2                          $2.65

3                          $3.55

4                          $4.45

.                            .

.                            .

20                        $18.85

.                            .

.                            .

100                      $90.85

.                            .

.                            .

N                          $1.75 + (N-1)*$0.90



1. Make sense of problems and persevere in solving them.

2. Reason abstractly and quantitatively.

3. Construct viable arguments and critique the reasoning 

of others.

4. Model with mathematics.

5. Use appropriate tools strategically.

6. Attend to precision.

7. Look for and make use of structure.

8. Look for and express regularity in repeated reasoning.

bun + produce + meat + cheese + meat + cheese = $2.65

bun + produce + meat + cheese  = $1.75

meat + cheese = $0.90



• Students needed guidance to figure out a layer’s cost

• Not every class is ready to go straight to 100x100

• Common wrong answers included:
• $175.00 ($1.75 x 100 cheeseburgers)

• $132.50 ($2.65 x 50 Double-Doubles)

• Students had equations that had more than X patties

• Students were surprised to see three different 

equations:

• Starting with a Double-Double

• Starting with a cheeseburger

• Starting with produce and bun only



STUDENT 

WORK



• The activity begins with teachers in groups of three 

taking the roles of teacher, student, or observer.

• The individuals playing the role of teacher and student 

each receive a slip of paper describing their scenario.

• The individual playing the role of observer waits to 

record all of the teacher’s questions to the student.

• Once the activity begins, the teacher will talk to the 

student in the context of the scenario they read about 

on the slips of paper.



What did you get for the 
area of the circle with a 

radius of 2 units?

Great.  Do you have 
any questions?

No

4 pi



What did you get for the 
area of the circle with a 

radius of 2 units?

Great.  How did you 
get your answer?

The radius is 2 so I plugged it 
into 2 pi r and got 4 pi.

4 pi















Conceptual
Understanding

Application

Procedural Skill 
and Fluency



High School

• G-MG.1 – Use geometric 
shapes, their measures, 
and their properties to 
describe objects (e.g., 
modeling a tree trunk or 
a human torso as a 
cylinder).

• G-GMD.3 – Use volume 
formulas for cylinders, 
pyramids, cones, and 
spheres to solve 
problems.

Middle School

• 8.G.9 Know the formulas 
for the volumes of cones, 
cylinders, and spheres 
and use them to solve 
real-world and 
mathematical problems.

• 7.G.6 – Solve real-world 
and mathematical 
problems involving area, 
volume and surface area 
of two- and three-
dimensional objects.

• 6.G.2 –Apply the 
formulas V = l w h and V 
= b h to find volumes of 
right rectangular prisms 
with fractional edge 
lengths in the context of 
solving real-world and 
mathematical problems.

Elementary School

• 5.MD.5 – Relate volume to the 
operations of multiplication and 
addition and solve real world and 
mathematical problems involving 
volume.

• 4.MD.3 – Apply the area and 
perimeter formulas for rectangles 
in real world and mathematical 
problems

• 3.MD.7d – Find areas of 
rectilinear figures by decomposing 
them into non-overlapping 
rectangles and adding the areas 
of the non-overlapping parts, 
applying this technique to solve 
real world problems.

• 2.MD.1 – Measure the length of 
an object by selecting and using 
appropriate tools such as rulers, 
yardsticks, meter sticks, and 
measuring tapes.

• 1.MD.2 – Express the length of an 
object as a whole number of 
length units.

• K.MD.1 – Describe measurable 
attributes of objects, such as 
length or weight. Describe several 
measurable attributes of a single 
object.



• It is not modeling in the sense of, 
“I do; now you do.”

• It is not modeling in the sense of 
using manipulatives to represent 
mathematical concepts.

• It is not modeling in the sense of 
a “model” being just a graph, 
equation, or function.

• It is not just starting with a real 
world situation and solving a 
math problem.

• It is not beginning with the 
mathematics and then moving 
to the real world.

WHAT ISN’T 

MATHEMATICAL 

MODELING?

Source: http://www.cde.ca.gov/be/cc/cd/documents/modelingaprilreview.pdf





• What does “best” mean?

• 120 tickets for $50 is “best” because you get the most tickets

• 1 ticket for $0.50 is “best” because you spend the least amount 

of money

• “What do you need to know to solve the problem?”

• How many tickets will we use?

• How long will we be staying there?

• How many people are we going with?

• How many tickets do the rides cost?

• Once they started working, they had no idea what to do.

• They didn’t realize that they could buy multiple sets of tickets.



The Four C’s

O Communication

O Curiosity

















The Four C’s

O Communication

O Curiosity

O Critical Thinking



Problem Solving Framework
 Inspired by Geoff 

Krall’s resources at 

emergentmath.com



The Four C’s

O Communication

O Curiosity

O Critical Thinking

O Content Knowledge



• How often do teachers do 
problem-based learning?

• How long do problem based 
lessons take?

• Do teachers use problem-based 
lessons to introduce a topic or 
after you’ve already taught it?

• How is problem-based learning 
assessed?

• How much time does it take to 
create a problem-based lesson?

PROBLEM-

BASED 

LEARNING 

FAQ





• Use the Order of 

Operations 

with the 

numbers shown on 

the card below (in 

any order) so that 

when you simplify 

the expression, the 

answer is 24



Make the smallest difference using the numbers 
1 through 9 no more than one time each.



•What are three equations whose 

solution is 𝑥 = −1?



• Make the largest (or smallest) product by filling in the 

boxes using the numbers 1-9 no more than one time 

each.

∙ 10 ∙ ∙ 10



• Fill in the empty boxes with integers 1 through 9, 

using each number at most once, so that there are 

infinitely many solutions to the system of 

equations.

𝑥 + 𝑦 =

𝑥 + 𝑦 =



• Directions: Fill in the empty boxes with integers 1 

through 9, using each number at most once, so 

that there is no solution to the system of 

equations.

𝑥 + 𝑦 =

𝑥 + 𝑦 =



• Open middle problems require a higher depth of 

knowledge than most problems that assess procedural and 

conceptual understanding.

• They often have a “closed beginning” meaning that they all 

start with the same initial problem

• They often have a “closed end” meaning that they all end 

with the same answer

• They have an “open middle” meaning that there are multiple 

ways to approach and ultimately solve the problem

www.openmiddle.com



• My lessons: http://www.robertkaplinsky.com/lessons

• Dan Meyer: http://threeacts.mrmeyer.com

• Andrew Stadel: http://tinyurl.com/mrstadel

• Geoff Krall: http://tinyurl.com/PrBLmaps

• Mathalicious: http://www.mathalicious.com

• Yummy Math: http://www.yummymath.com

• 101 Questions: http://www.101qs.com

• Dan Meyer’s TED talk: http://tinyurl.com/meyer-TED

http://www.robertkaplinsky.com/lessons
http://threeacts.mrmeyer.com/
http://tinyurl.com/mrstadel
http://tinyurl.com/PrBLmaps
http://www.mathalicious.com/
http://www.yummymath.com/
http://www.101qs.com/
http://tinyurl.com/meyer-TED











